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Abstract 

A joint element is proposed, which can simulate the three phases of behaviour of an impermeable layer over a liquefied sand layer. The 

analysis tracks the post-liquefaction reconsolidation of the sand, the simultaneous development of a water film between the layers and the 

settlements resulting from the subsequent drainage of the water film. The element is incorporated in a finite element program, which can be 

used to simulate the behaviour of layered systems. The effectiveness of the program is demonstrated by simulation of the performance of a 

model soil deposit of two layers in a centrifuge test. © 2000 Elsevier Science Ltd. All rights reserved. 
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1. Introduction 

Lateral spreading of the ground and flow failures of 

embankments are two of the major hazards associated with 
liquefaction of saturated sands. In these cases, the resistance 

to movement relies substantially on the residual or steady 

state strength ofthe liquefied sand. However, in one instance, 

this strength may not be available soon after liquefaction. 

When the liquefied sand is covered by an impermeable 

layer, water will accumulate below it as the sand reconsoli­

dates after liquefaction. Until the impermeable layer cracks 

and allows drainage of the accumulated water, there is no 
shearing resistance under the impermeable layer. 

If the impermeable layer is sloping, a flow failure may 

occur. This type offailure is of serious concern in the case of 

earth dams, where often a relatively impermeable embank­

ment surrounds a zone of liquefiable sand. This hazard has 

led to model studies using centrifuge tests to provide data 
for understanding and modelling such phenomena [1]. The 

detailed 2D analysis of this phenomenon from initial seis­

mic excitation to the final post-liquefaction state is beyond 

our present capacity. 
In this paper, a beginning is made towards modelling the 

behaviour of a relatively impermeable surface layer over a 

liquefied sand layer. A method of analysis is developed for 
the lD case of a horizontal layered deposit. Liu and Dobry [2] 

tested such a soil deposit in a centrifuge test in which accel-
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erations, porewater pressures and settlements were monitored 
continuously. Data from this test provides a clear picture of 

what happens at the interface between the layers following 

liquefaction and the means of the data for validating 

proposed models for simulating the response of the system. 

The basis of the proposed method is a joint element that 

simulates interface behaviour and that can be incorporated 

in a finite element code for seismic response analysis. The 

objectives of this paper are to describe the theory of such an 
element and demonstrate its capability to model interface 

behaviour after liquefaction. In what follows, first the joint 

element is described and the post-liquefaction properties 

needed for analysis are developed. Then, the behaviour of 

a model two-layer deposit in a seismic centrifuge test 
conducted by Liu and Dobry [2] is simulated. The simula­

tion study shows that the joint element is capable of model­

ling adequately the main features of the effective stress 

seismic response of a horizontal impermeable layer over a 

liquefied sand layer. 

2. Theory of joint element 

2.1. Equilibrium equation 

The equations defining the behaviour of the joint element 

as it accumulates free water in the interface between layers 
are developed for the case of vertical displacements. This 

limits the applicability to horizontally layered deposits. The 

joint element is shown in the open position in Fig. 1. 
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Fig. 1. Geometry of joint element. 

Relative displacement between the top and bottom faces of 
the joint, w = u1 - ub, is given by Eq. (1) 

w = {B}{u} (1) 

Here u1 and ub are the displacements at the top and bottom 
faces of the joint element. {B}, the interpolation function, 
and { u}, the nodal displacement vector, are given by 

{ 1 X {B} = -- +-
2 L 2 

X 

L 

(3) 

Here x is the co-ordinate along the joint, L is the length of 
the joint and u1 to u4 are the nodal displacements shown in 
Fig. 1 [3]. 

The constitutive equation for the joint for relative vertical 
displacements only is 

u' = -Sw (4) 

Here u' is the effective normal compressive stress between 
the faces of the joint, and Sis a parameter connecting effec­
tive stress and displacements normal to the joint. It has a 
large positive value when the joint closes and is zero when 
the joint opens. Equilibrium between the nodal forces on the 
joint and the element total stresses u is expressed by 

fL/2 
{F} = - {B} u dx 

-L/2 
(5) 

When pore water pressures p develop in the joint, the total 
stress u in the joint element is, 

u= u' + p 
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Fig. 2. Porewater pressure conditions around the joint element. 

(6) 

Substitution of Eqs. (1), (4) and (6) into Eq. (5) gives the 
equilibrium equation of the joint element as 

{F} = [K]{u}- {Kp}P (7) 

where [K] is the joint stiffness matrix given by 

2 -1 -2 

[K] = SL 
1 2 -2 -1 

6 -1 -2 2 1 
(8) 

-2 -1 2 

and { KP} is a pore water pressure matrix given by 

fL/2 L 
{ KP} = { B} T dx = - { - 1 

-L/2 2 
(9) -1 

2.2. Continuity equation for joint 

The volume of water, W, flowing out of the joint element 
shown in Fig. 2 during the time dt is given by 

( ht - hj hb - hj ) dW = L k1-- + kb---- dt 
lt lb 

(10) 

where hi denotes the head of water in the joint element, k1 

and kb are the permeabilities of the soil elements contacting 
the top and bottom faces of the joint, [1 and lb are the 
distances to the far faces of these elements as shown in 
Fig. 2, and hr and hb, the associated water heads at these 
faces. By neglecting the velocity head, hi is expressed as 

h- = .!!___ _ {X}T{b} 
1 Pfg g 

(11) 

where p denotes porewater pressure in the joint, Pf denotes 
mass density of pore water, g denotes the acceleration due to 
gravity, {X} denotes the position vector, and {b} denotes 
the gravity force vector. 

Volume contraction of the joint element per unit length 
during the time increment dt during consolidation is given 
by -wdt or -{B}{u} dt, where u is the velocity of flow. 
Integrating along the joint gives the total volume contrac­
tion as - { KP} T { u} dt. The continuity equation is obtained 
by equating this volume change to the outflow water given 
by Eq. (10), while taking Eq. (11) into account 

{ KP} T { u} = - W 

= a(p- pt{X}T{b})- La;(p;- pt{XJT{b}) 

(12) 

In this equation 

Lk; 
ai == --, 

Pfgl; 
a= :La; (13) 

where i indicates the top or bottom element forming the 
joint. Summation is conducted for both sides of the joint 



N. Yoshida, W.D.L. Finn I Soil Dynamics and Earthquake Engineering 19 (2000) 333-338 335 

Test LE- 1 

LVDT_S 1 LVDT I 

_5Z_ 
- - - - - - - - -,-- Ah5 - -- - • - - - Silt - - 2.85 m - - - P4 Ah4 - -t -- •P2 ... 

• . Ah3 • Sand 
. . . 

Ahi - 3.0m 
vii• . PI Ah6. 

' 
PS• A 

4 .. 
Fig. 3. Centrifuge model test at prototype scale showing the locations of horizontal accelerometers (Ah) and porewater pressure transducers (P) (after Ref. [2]). 

element. The incremental forms of Eqs. (7) and (12), used in 
subsequent analyses, are given by Eqs. (14) and (16), 
respectively 

[K]{du}- {Kp}dp = {dF} (14) 

where 

dp = p(t + dt) - p(t) (15) 

and 

{ KP} T { du} - cxp dt + L cx,p, dt 

= [-cxpt{X}T{b} + Icx,pt{Xz}T{b}]dt (16) 

The Liu and Dobry [2] test, which will be analysed later, 
has a 1D displacement field. For this case, Eqs. (14) and (16) 
may be reduced to 

Sdw + dp = 0 

and 

(17) 

(18) 

per unit length of joint. In Eq. (18), z, z1 and Zb are co­
ordinates. For the post-liquefaction case, when the joint is 
open, the change in external load is assumed to be zero. 
Eliminating the relative displacement dw = du1 - dub 
from Eqs. (17) and (18) gives 

dp = -Scxpdt 

+S(cxtP1 + cxbpb) dt + Scxzpfgdt- Spfg(cx1z1 + cxbzb)dt 

(19) 

3. Modelling of volume change characteristics of sand 
after liquefaction 

In order to predict the separation of the joint element or 
the thickness of the water film, the post -liquefaction volume 
change characteristics of the sand during dissipation of 

porewater pressure must be known. Since the occurrence 
of liquefaction destroys the initial structure of the sand 
skeleton, the properties before the occurrence of liquefac­
tion are not applicable in post-liquefaction analysis. 

Inadomaru et al. [ 4] conducted cyclic triaxial tests on 
Toyoura sand in which the volume changes were measured 
during the dissipation of excess porewater pressure and 
plotted against the effective mean normal stress. Analysis 
of these data suggests that the relationship between effective 
stress and volumetric strain during reconsolidation after 
liquefaction may be described adequately by 

(20) 

where D and c are parameters that define the shapes of the 
reconsolidation curves, and Ev is the recovered volumetric 
strain at rr'm. The ( -1) term ensures that the recoverable 
volumetric strain, Ev, can be initialised at zero for the 
immediate post-liquefaction condition when rr'm = 0. For 
the test data on Toyoura sand [4], the following expression 
for c is obtained 

C = 0.0007 + 0.053Ev0 (21) 

where E vo is the total recovered strain. When c is known, the 
constant D can be found from 

(22) 

The 1D compressive modulus for reconsolidation, En is 
obtained by differentiating Eq. (20) with respect to the volu­
metric strain, giving 

rr~, + D 
--- =Er 

c 

4. Numerical example 

4.1. Modelled centrifuge test 

(23) 

Liu and Dobry [2] conducted a centrifuge test at 50g 
acceleration on the model of two-layered level ground 
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Fig. 4. Acceleration time histories of input and surface motions (after Ref. [2]). 

shown in Fig. 3 at prototype scale. A 2.85 m silt layer 

overlies a 3 m sand layer and the water table is just above 

the surface of the silt. The locations of accelerometers, pore­

water pressure gauges, and LVDTs are also shown in Fig. 3. 

Unit weights of silt and sand are 18.9 and 19.2 kN/m3, 

respectively. The relative density of the sand Dr is 40%. 

Permeability is estimated to be 1 X 10 -s cm!s for silt and 

2.13 X 10-3 cm!s for sand on the basis oflaboratory perme­

ability tests. The centrifuge was operated at an acceleration 

of 50g so that the corresponding prototype permeabilities 

are 5 X 10-6 cm!s and 1.065 X 10-5 cm!s. This test will be 

used to verify the capability of the analysis described above. 

The input accelerations have a peak value of about 0.2g 

and a duration of about 6 s at prototype scale as shown in 

Fig. 4. The surface acceleration record shows a significant 

drop in amplitude after about 1 s of shaking indicating that 

liquefaction has occurred. 
Fig. 5 shows the distribution of excess porewater pres­

sures with depth at different times based on readings from 

the four porewater pressure transducers. Liquefaction is 

judged to occur before 5 s, which is consistent with the 
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Fig. 5. Dissipation of excess pore water pressure during drainage (after Ref. 

[2]). 

form of the acceleration record. Note that the porewater 

pressures remain essentially constant from 15 s to 4.5 min 

after liquefaction. Time histories of porewater pressure and 

settlement are presented in Section 4.2, which describes the 

simulation of the test. 

4.2. Simulation of centrifuge test 

The simulation was conducted using the 1D program 

DESRA-2C [5] in which the joint element was incorporated. 

The modified program is designated DESRA-2CJ [6]. 

The simulation begins immediately after liquefaction has 

occurred in the sand. There are three distinct phases in the 

post-liquefaction behaviour of the centrifuge model as 

shown schematically in Fig. 6. In phase 1, the sand recon­

solidates after liquefaction, leaving a film of water between 

the silt and the sand layers. In the short time required for 

this, little drainage takes place through the silt. In phase 2, 

the interlayer water film begins to drain through the silt and 

the silt layer begins to settle until finally it contacts the sand 

layer. During this phase, the porewater pressure in sand 

remains constant at the value in the joint. Phase 3 now 

begins in which the sand layer undergoes additional recon­

solidation under the weight of the silt layer, until finally an 

equilibrium state is achieved. 
The form of Eq. (20) and the expression of c in Eq. (21) 

are assumed to be valid for the test sand in the absence of 

any information on the post-liquefaction properties of that 

sand. The initial volumetric strain Evo for the reconsolidation 

analysis of the sand is calculated from the final settlement of 

the silt layer. This is considered a good approximation. The 

assumption is necessary because the L VDT to measure the 

sand settlement did not function properly during the test. 

The values of c and D in Eq. (20) are determined as 

explained earlier. 
The reconsolidation analysis can now be conducted on 

the basis of Eqs. (19) and (23), beginning at the instant of 

liquefaction. All simulations are conducted at prototype 

scale. The permeabilities based on the laboratory tests 
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Fig. 6. Schematic representation of the three phases in the post-liquefaction behaviour of the layered system. A, B and C denote the locations where excess 
porewater pressure was measured. The relative durations of the various phases have been distorted to clearly show the short-duration early phases. 

were used in the first trial simulation. The computed 
time-history of porewater pressure dissipation at the mid­
height of the sand layer is shown in Fig. 7(a) for a duration 
of 50s, in Fig. 7(b) for a duration of 10 min and in Fig. 7(c) 
for a duration of 60 min. The effective permeability of the 
sand in the centrifuge test after liquefaction must be greater 
than the k = 1.065 X 10-3 m/s measured on specimens of 
unliquefied sand because the computed time for maximum 
opening of the joint based on this permeability is about 25 s 
instead of the test value of about 15 s. A permeability of 
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Fig. 7. Time-histories of porewater pressures over the short (0-50 s), 
medium (1-10 min), and long (0-60 min) terms. 

2.13 X 10-3 m/s gives a good simulation of the test results as 
shown in Fig. 7(a). Such an increase in post-liquefaction 
permeability has also been noted by Arulanandan and 
Sybico [7]. 

The next phase is the drainage of the water layer through 
the silt. The test data indicate that the joint completely 
closes after about 4 min. For drainage through the silt a 
permeability of 8 X 10-5 m/s is necessary for the silt to 
make contact with the sand layer at the right time. This is 
16 times greater than the measured permeability. The appar­
ent increase in permeability may be due to cracks, which 
develop when the silt layer floats on the water or leakage of 
the contact between the silt and side of the centrifuge box. 

For phase 3, in which the silt and sand are again in 
contact, the permeability of the silt must be reduced to 
2 X 10-5 m/s for up to 10 min and then reduced to 
5 X 10-6 m/s to get a good simulation. This reduction of 
permeability is consistent with the closing of cracks in the 
silt after contact with the sand. 

Time (min.) 

Fig. 8. Measured settlements in centrifuge test. 
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Fig. 8 shows measured settlements for both the short 
(0-16 s) and medium (0-18 min) terms. The settlements 
of the surface and the interface are nearly identical 
because the interface L VDT did not measure the sand 
settlement but remained attached to the bottom of the 
silt layer [2]. This means that there are no intermediate 
data available on the development on the thickness of 
the water film until the water film begins to dissipate 
through the silt. The abrupt occurrence of about 2 em in 
the first 3-4 s is not compatible with the mechanics of 
the test model. It is most likely to be an initial adjust­
ment in the upper layer and/or the LVDT. Fig. 9 shows 
the development of the water film and the contempora­
neous settlement of the surface of the underlying sand 
layer in the short term, 0-16 s. The modelling starts at 
about 4 s, after the initial adjustments to the system 
noted above. In the medium term (also in Fig. 9) the 
water film begins to dissipate and the silt layer begins 
to approach the top of the sand layer. Contact is estab­
lished at about 4 min, which seems to be a little later 
than that indicated by the interface curve in Fig. 8. 
Thereafter, as the porewater pressures dissipate, the 
effective stresses on the sand layer increase and addi­
tional settlements occur. Because of the problems of 
measuring the settlements accurately, reliable compari­
sons between measured and computed settlements as a 
function of time is not possible. However, comparisons 
between Figs. 8 and 9 suggest that the proposed method 
of analysis captures the evolving pattern of settlements 
rather well. 

5. Conclusions 

A joint element is presented for the analysis of what 

happens when a layer of sand liquefies beneath a relatively 
impermeable surface layer. The key responses that need to 
be modelled are the development and subsequent drainage 
of a film of water between the two layers, as the sand layer 
reconsolidates after liquefaction. The ability of the method 
to simulate the response of such a two-layer system in a Liu 
and Dobry centrifuge test [2] is encouraging. 

The major impediment to a satisfactory validation of the 
method of analysis is a lack of data on the post-liquefaction 
properties of sand and some uncertainty about the actual 
performance of the model in the centrifuge test. 

The joint element has been incorporated in the dynamic 
effective stress program DESRA-2CJ [6]. In theory, this 
allows the entire sequence of behaviour from the initiation 
of shaking to the final settlement to be followed. The model 
is being extended to 2D analysis. 
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