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Stress DiIatancy Relationship of Sand under CycIic loading・

ABSTRACT 

E-2 

Peiris T. A.ーSatoKogyoCo. Ltd. 

Yoshida N.ーSatoKogyoCo. Ltd. 

S仕essdilatancy beha吋orof sand under cyclic loading is examined wi出 specia1reference to出enon-
coaxia1ity between principal s甘essand principa1 s廿aindirection. The s甘essdilatancy relationship is derived 
企omnormalized shear work. 

1. INTRODUCTION 

S仕ess dilatancy relationship for monotonic 

loading conditions has been investigated by many 

researchers， whereas the same under cyclic 

loading has been investigated to a very fu出ted

extent. Among the severa1 relationships derived 
by many researchers， the s甘ess dilatancy 

relationship based on normalized shear work is 

ex紅白ned. 百lerefore， 出e incorporati-on of 

noncoaxiality as mentioned above is inevitable to 

maintain the physical meaning of the shear work 

when dealing with the stress and stain invariants. 

The modification proposed for the stress-dilatancy 

relationship here is observed throughむained

Torsional simple shear test dataσradhan et. a1 
1989) 

2.TESτ1NG METHOD & MATERIAL 

Torsional simple shear test data (by Prdhan et a1. 
1989) on Toyoura sand is used. Relative density 

of出esむnpletested is 75%. 

3. STRESS & STRAIN P ARA酔1ETERS
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立leangle fOIτned by the m司jorp巾 cipals甘essσl

with the vertical or y-鉱i~ is given by 

2σ-
tan2ß庁圏一--~Y-

σy σx 
....(3) 

2.S仕ammv訂iants

dεv圃 dε;r+aεy，..d，ε1十dε3 .....(4) 

de -~(ぬy ぬJ2 +4dE~ ....(5) 

百leangle sdεbetween the m匂orprincipal strain 
increment dε1P and出evertical or y-axis is 
defmed by 

一p
x

一

円

ι

'

y
一J
U

}εJ
一一
t
-
P
Y
 

2
一ぬ-a 

円
円
ド

勺
ムn
 
a
 

...(6) 

4. STRESS DILATANCY RELATIONSHIP 

Consider the equation of energy dissipation which 

is used as the primary foロnof s仕essdilatancy 

relation employed in出isstudy: 

dWP圃 σijd.ε;
圃 σlld:ε;1+σud.ε~2 +σ33d:εf3 + 

2σ12d，ε九+2σ23d.ε二+2a31d.εfl ・….(7)

Since the tensors a・・ anddεIt share the same axes 
.リリ

the above expression is a1ways valid. However， 
the equation of energy dissipation written in terms 

of principal tensors given by 

。rp圃 σ刈 +σ2dlεf+σ3d.ε: 、、E
，，，
nxu 

〆
'z
‘、

may not be a1ways valid as也eprincipal stress 
tensor and principal strain increment tensor may 

not always satisfシco鉱 iality. Therefore， the 
equation of energy dissipation should be 

calculated based on Eqn. 7. This equation， 

however is not very convenient due to six 

dimensiona1 form. In也efollowing ，也isequation 
1S rewntten in terms of s甘essand s仕ammvむ'Iants

- 401ー



is rewritten in terms of s甘essand strain invariants 

while non-coaxiality is taken into account 

(Gutierrez， 1989). 

For the clarity， two dimensional form is 

considered hereafter. 

dWP ... o;jdε; 
Eσ.，ßεf+σydε~+2σ砂dεL ....(9) 

Oxy jp，2dε与
plastic strain increment 

vector 

出a
 
p
‘
 

ea 
ea e
 

仕旬。、、.
1
l

、‘、

(σy一σx)/2p，dε~-dε: 

Figt江e1: Graphical presentation of stress and 
s甘ainincrement direction 

The stress components can be written in terms of 

invariants p釦 dq and angle saie.， 
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.....(10b) 

.....(10c) 

Sirnilarly， the plastic strain increment components 

deiiP can be written in teロnsof the invariants 
dê~P and deP as 

dεf-tdεf-tdEP COS2pdE 

dε3=thf+tdEF C0529dE 

dεL富士df.P sin 2s d[ 

-…(11a) 
…・・(llb)

一…(I1c)

Substi加出gEqns 10 and 11 in Eqn 9 yields 

dWP "" paεニ+qdf.P cos(2so -2sdJ 
dWP - pde~ + qdf.P cos21V， ....(12) 

Where sa and sde訂ep白lcipals仕essdirection 
and the direction of principal strain increment. 
立lerefore，ψ=(s()sdε) is the angle of non-
coaxiality. 

At present，也es甘essdilatancy relationship is 
derived assurning出at出enormalized energy as a 

fimction of plastic shear strain，εP 

AUiP ~ 

dQP =二一:adεら+ヱdf.Pcos2ψ=凶EP
p p 

Yielding 

dεισ  
-_子園 μ-c.ム
αεr p 

、、a'''
司、d1i
 

〆'目、、• • 

羽なlere c "" cos2ψ 

5. EXPERI九1ENTALOBSERVATIONS 

The Torsional simple shear data企omPradhan et. 
al. (1989) is used. 

As mentioned above the s甘ess-dilatancy

relationship is derived企omnormalized shear 

work. Fig. 2 shows the relationship between 
normalized sh町 work and the accumulated 

plastic shear s仕aineP. 
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Figl江e2: Relationship between plastic shear work 

and plastic shear s甘am.

Al也ough，也eshe紅 workaccumulated positively 

irrespective of loading or UIUoading in terms of 

q/p (see Fig. 3)， it is interesting to note也atc.q/p 
produce loading pa出 duringa complete cycle (see 

Fig. 4).百lerefore，也euse of c.q/p may give us 

avenue for better understandinglinterpretation. 

Hence， c.q/p is employed hereafter. 
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Figure 3: Relationsrup of shear s甘essration q/p 

versus plastic shear sせain

Further， It can be observed企omFig. 2也at也e

rate of accumulation of shear work is retarded at 

the beginning of each loading steps. However， in 

most of the constitutive models linear relationsrup 

is assumed between normalized shear work and 

accumulated plastic shear s甘ain，出usassuming 
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Figure 4: Relationsrup of c.q/p versus plastic 

shear strain 

constant value for μas given in Eqn. 13. Some 

researchers proposed μto be v釘γwl也

cumulatively increasing p訂ameter.

In order to examine the variation of Jんthevalue of 
μis exclusively calculated using Eqn. 13 for the 

available test data. Fig. 5" illustrate the variation of 

μwl也 c.q/p.1t can be observed也at出eμ

increases with the increase of c. q/P wi出血血e
cycle and reaches a value wruch is related to 

phase仕組sformationangle (中σ)of the material. 

ユ

6. A MODIFICATION 

As observed in Fig. 5， following variation of μ 

against c.q/p is assumed. 

mdlC!-(dl 
lω一(ぅ)，1

μ-sm中c

羽弓lere / 、
f _ q I 
I C.一l

if c!Lと sm札
p 

if c.i ~ sin中c
P 

....(14) 

¥ P)i is the value of c.q/p at the 

beginning of each loading step. 

Constant μ.=sin中c.is assumed du白19virgin and/or 

monotonic loading. 

0.8 

0.6 

0.4 

0.2 。
CP 
0 

0tX。γ。
o ~o 0 '"'" 0 

-角_<9::0_ 0 
0.0戸。 o 0 宅v V 

。も 0
o 0 0 

2円。 0

・0.2~ - 0 

-0.6 ・0.4・0.2 0.0 0.2 0.4 0.6 

c.q/p 

Figure 5: Variation of parameterμagainst c.q/p 

In order to comp訂ethe proposed modification， 
only the volumetric strむnis calculated using the 

stress-strむnrelation企omthe experimental data. 

Therefore， it is necessむYto mention here出atthe 

calculated volume仕icstrain is not solely based on 

a complete constitutive model， but only by the 

str訂正dilatancyrelationsrup in wruch volumetric 

stram increment is assumed to be the only 

山由10wn.
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The data available is not sufficient to verifシthe
validity of variation of 仏白usit should be 
checked for varying test conditions. 

Fig. 6 compares the calculated and experimental 

volume甘icstrain due to shearing of the soil 

sarnple. 

The variation of μmay be affected very much by 

也eover consolidation ration and the change in b-
value during the test. 
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Figure 6: Plasric volume甘ics廿aindue to shearing 

-0.6 
Fig. 7 and Fig. 8 illus甘ate出estandard plot of 

stress-dilatancy relation in terms of stress ratio 

(c.q/p) versus strain ratio (dεvd/dεP) for 
experimental and calculated data respectively. 0.4 0.2 0.0 -0.4 -0.2 

-dεjdε 
-0.6 -0.8 

-0.8 
-1.0 

Figl江e8: S甘ess-Dilatancyrelationship based on 

assumed variation of μ 
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Figure 7: S仕ess-Dilatancyrelationship based on 
experimental data 
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7. CONCLUSION 

From the available test data it can be observed 

血atμshouldbe varied within也ecycle in 

quantitative prediction of volumetric strain due 

to shearing . 

-404-


